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Topology of non-Hermitian systems is drastically shaped by the non-Hermitian skin effect, which leads to the
generalized bulk-boundary correspondence that replaces the conventional one. The essential part in formula-
tions of bulk-boundary correspondence is a general and computable definition of topological invariants. In this
paper, we introduce a construction of non-Hermitian topological invariants based directly on real-space wave-
functions, which provides a general and straightforward approach for determining non-Hermitian topology. As
an illustration, we apply this formulation to several representative models of non-Hermitian systems, efficiently
obtaining their topological invariants in the presence of non-Hermitian skin effect. Our formulation also pro-
vides a surprisingly simple dual picture of the generalized Brillouin zone of non-Hermitian systems, leading to
a unique perspective of bulk-boundary correspondence.
Non-Hermitian Hamiltonians have widespread applications
in physics. For example, when a quantum-mechanical system
is open, meaning that its interaction with the environment is
nonnegligible, its effective Hamiltonian is non-Hermitian[1–
5]. The ubiquitous loss and engineered gain in classical
wave phenomena[6–9], the finite quasiparticle lifetimes[10–
15], and certain statistical-mechanical models[16], etc, are
naturally described in terms of non-Hermitian Hamiltoni-
ans. Recently, growing efforts have been invested in un-
covering novel topological phases in non-Hermitian systems.
Among other observations, we mention that non-Hermiticity
calls for revised bulk-boundary correspondence[17–32] and
novel topological invariants[19–21, 23, 33–40], introduces
new symmetries that enrich the topological classifications of
bands[41–43], brings in non-Hermitian topological semimet-
als exhibiting exceptional band degeneracies without Her-
mitian counterparts[44–54], and many other interesting
phenomena[55–84].
Crucial to understanding the band topology is the non-
Hermitian skin effect (NHSE)[19, 24], namely the exponential
localization of (nominally bulk) continuum-spectrum eigen-
states to boundaries. Its meanings and consequences are un-
der active studies[20, 25, 28–30, 34, 48, 85–96]. In partic-
ular, NHSE underlies the breakdown of conventional bulk-
boundary correspondence and suggests the non-Bloch bulk-
boundary correspondence as its generalization[19, 22], and
leads to the concepts of generalized Brillouin zone (GBZ) and
non-Bloch topological invariants[19, 20, 23, 33, 34].
It is the purpose of this paper to offer a dual picture of
non-Hermitian bands. For the usual Hermitian bands, Fourier
transformation precisely connects the Brillouin zone and real
space. Such a simple picture cannot, however, be straight-
forwardly generalized to non-Hermitian bands, because the
eigenstates lose the extendedness of Bloch waves by the
NHSE. Somewhat surprisingly, we find that non-Hermitian
topological invariants can be constructed directly in terms
of real-space wavefunctions (energy eigenstates), which pro-
vides a general and efficient approach for understanding and
computing the non-Hermitian topology and bulk-boundary
correspondence.
NHSE and Bloch point.–To illustrate a few new features of
NHSE, we focus on the Su-Schrieffer-Heeger (SSH) model
with a non-Hermitian t3 ± γ/2 term [Fig.1(a)], which slightly
differs from previous non-Hermitian SSH models[19, 23, 33,
36, 38, 56]. The Bloch Hamiltonian reads
H(k) = dx(k)σx + dy(k)σy;
dx(k) = t1 + (t2 + t3) cos k + i
γ
2
sin k,
dy(k) = (t2 − t3) sin k + i
γ
2
cos k, (1)
where σx,y,z’s are the Pauli matrices in the A, B sublattice
space. As σz is absent, this Hamiltonian has the sublattice
symmetry (also called the chiral symmetry) σ−1z H(k)σz =
−H(k). Accordingly, the real-space Hamiltonian H satisfies
S −1HS = −H, where the entries of S are S xs,ys′ = δxy(σz)ss′ ,
with x, y referring to the unit cell and s, s′ = A, B referring to
the sublattice. The energy eigenvalues come in pairs (E,−E),
therefore the topological edge modes with E = 0 are pro-
tected.
The Bloch-Hamiltonian eigenvalues are E±(k) =
±
√
d2x(k) + d
2
y (k), and the energy gap closes at
t1 = ±(t2 + t3) ± γ/2. Conventional bulk-boundary
correspondence would imply that topological transition
points are among them. For example, these points are
t1 = ±1.15,±1.25 when t2 = 1, t3 = 0.2, γ = 0.1. How-
ever, for a long open-boundary chain, one finds only
two critical points at t1 ≈ ±1.21, and zero modes exist
for t1 ∈ [−1.21, 1.21] [Fig.1(d)]. Similar breakdowns of
conventional bulk-boundary correspondence are known in
other models (e.g., Refs.[18, 19, 22]), and the underlying
mechanism is the NHSE[19, 24].
To visualize the NHSE, it is helpful to plot all the energy
eigenstates as a function of energy eigenvalues [Fig.2(a)]. Ap-
parently, almost all eigenstates are localized at the bound-
aries. Moreover, there is a notable feature that both the two
ends of chain accommodate eigenstates. The eigenstates with
|E| . 0.8(& 0.8) are localized at the right (left) end. This
bipolar NHSE inevitably leads to Bloch-wave-like extended
eigenstates at |E| = EB ≈ ±0.8, interpolating the left-localized
and right-localized eigenstates. Eigenstates being extended
only at several discrete energies, as seen here, seems to be
unique to non-Hermitian systems, and these discrete energies
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FIG. 1. (a) SSH model with alternating t1, t2 hoppings and a non-
Hermitian t3 ± γ/2 hopping. (b)(c)(d) The energy spectrum (real and
imaginary part, and modulus) of an open-boundary chain with length
L = 80 (in unit cell), with varying t1 and fixed t2 = 1, t3 = 0.2, γ =
0.1. (e) Open-bulk winding number calculated in real space [red solid
dots, by Eq.(5)] and non-Bloch winding number calculated in GBZ
[black hollow dots, by Eq.(3)]. For the open-bulk winding number,
an open chain with length L = 100 and boundary cutoff l = 15 is
taken.
are dubbed the “Bloch points” of energy spectrum. If real-
ized in realistic systems, these Bloch points may have poten-
tial applications (e.g., in designing lasers). In addition, the
existence of Bloch points and the concomitant bipolar NHSE
vividly defy the oversimplified picture that the eigenstates are
localized towards the direction of dominant hoppings (i.e., lo-
calized at the left end when |t3+γ/2| > |t3−γ/2|), and that the
NHSE can be removed by a nonunitary similarity transforma-
tion.
The Bloch point EB can be calculated as follows. We ob-
serve that the energies of open-boundary chain are completely
real-valued for certain ranges of parameters (Fig.1). While the
H(k) eigenvalues E±(k) are generally complex-valued, they
have to become real-valued at the Bloch points, which deter-
mines k = ± arccos(−t1/2t2) ≡ ±kB, and the Bloch energies
±EB = ±E(kB) = ±
√
(t2 − t3)2 −
γ2
4
. (2)
For the parameters used in Fig.2, we have EB ≈ 0.8. It hap-
pens to be independent of t1, which is also confirmed numeri-
cally [Fig.2(c)].
GBZ approach.–The Bloch points are also visible in the
dual picture of GBZ. We only sketch its construction here;
details can be found in Refs.[19, 23]. In the GBZ theory, the
Bloch phase factor eik is generalized to β (typically, |β| , 1),
whose legitimate values form a one-dimensional trajectory
dubbedGBZ in the complex plane, essentially playing the role
of Brillouin zone. Particularly, the eigenvalues E(β) of the
GBZ Hamiltonian H(k → −i ln β), or H(eik → β, e−ik → 1/β),
are the continuum energy spectrums of a long open-boundary
chain. This can be compared to the Hermitian cases where
the eigenvalues of Hermitian H(k) with eik in the standard
Brillouin zone (namely the unit cirlce) provide the continuum
spectrum. The precise shape of GBZ can be found as fol-
lows. According to the energy eigenvalue function, which is
E±(β) = ±
√
d2x(k → −i ln β) + d
2
y (k → −i ln β) in our model,
a given E corresponds to several β roots denoted by β j(E)’s,
then the equation |βi(E)| = |β j(E)| determines the legitimate
values of E and β j’s[19, 23] (More precisely, when ordered as
|β1(E)| ≤ |β2(E)| ≤ · · · ≤ |βN(E)|, the relevant i, j are the mid-
dle two[23]), and these β j’s form the GBZ. Following this ap-
proach, we obtain the GBZ shown in Fig.2(b) for the present
model. The bipolar NHSE manifests in the fact that the GBZ
and unit circle intersect, as the interior (β| < 1) and exterior
(β| > 1) of unit circle corresponds to exponential localization
at the left and right end, respectively. The Bloch points corre-
spond exactly to the intersections.
Now we recall the construction of non-Bloch topological
invariants from GBZ[19, 23]. We start from the right and left
eigenvectors of H(k → −i ln β) (abbreviated as H(β) below),
defined via H(β)|uR(β)〉 = E(β)|uR(β)〉 and H
†(β)|uL(β)〉 =
E∗(β)|uL(β)〉, respectively. The chiral-symmetric partner
has energy −E(β) and −E∗(β), and the corresponding right
and left eigenvectors are referred to as |u˜R(β)〉 and |u˜L(β)〉.
The right and left eigenvectors are chosen to satisfy the
orthonormality[19]. The Q matrix is then defined as Q(β) =
|uR(β)〉〈uL(β)|− |u˜R(β)〉〈u˜L(β)|. Finally, the non-Bloch winding
number reads[19]
W =
1
4pii
∫
GBZ
Tr[σzQ(β)dQ(β)], (3)
where the key ingredient is the integral path, namely the GBZ.
Open-bulk topological invariant.–Motivated by the duality
between the GBZ and real space, as exemplified in Fig.2(a)
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FIG. 2. (a) Profiles (modulus square) of all bulk energy eigenstates |nR〉 plotted as a function of eigenenergies; x refers to the coordinate of
open chain and E refers to the eigenenergy. These eigenstate profiles are normalized so that the maximum is 1. Extended eigenstates exist
only at the discrete “Bloch points” E ≈ ±0.8, while all other eigenstates are localized by NHSE. t1 = t2 = 1, t3 = 0.2, γ = 0.1. (b) shows the
GBZ of (a). The dashed line is the unit circle. (c) The eigenenergy spectrum for varied t1; other parameters are the same as (a)(b). The yellow
and blue color indicates eigenstate localization at the right and left end, respectively.
and (b), we now construct non-Hermitian topological invari-
ants in real space. First, we diagonalize the Hamiltonian H
of an open-boundary chain as H|nR〉 = En|nR〉 and H|n˜R〉 =
−En|n˜R〉, |nR〉 and |n˜R〉 being chiral-symmetric partners (i.e.,
|n˜R〉 is proportional to S |nR〉). The left eigenstates |nL〉, |n˜L〉
are taken to be orthonormal to the right eigenstates, meaning
that 〈mL|nR〉 = 〈m˜L|n˜R〉 = δmn, 〈mL|n˜R〉 = 〈m˜L|nR〉 = 0. The
orhtonormal condition is satisfied when we write H = TΛT−1
with Λ diagonal, and take the columns of T and (T−1)† as the
right and left eigenvectors, respectively. We then introduce
the open-boundary Q matrix as
Q =
∑
n
(|nR〉〈nL| − |n˜R〉〈n˜L|) , (4)
where
∑
n is the sum over the eigenstates in the bulk contin-
uum spectrum, and the discrete edge modes are not included.
With these preparations, the open-boundary bulk-band
winding number (abbreviated as “open-bulk winding num-
ber”) is defined as
W′ =
1
2L′
Tr′(S Q[Q, X]), (5)
where X is the coordinate operator, namely Xxs,ys′ = xδxyδss′;
the chain length is represented by L, which is divided into
three intervals with lengthes l, L′, l (apparently, L′ + 2l = L),
and the symbol Tr′ stands for the trace over the middle interval
with length L′. Ideally, L → ∞ limit is assumed for Eq.(5),
while in practice a modest size suffices. More explicitly, for
the present model Eq.(5) reads
W′ =
1
2L′
L−l∑
x=l+1
∑
s=A,B
(S Q[Q, X])xs,xs. (6)
Here, l should be sufficiently large so that only the bulk in-
formation remains. In the Hermitian limit, this topological
invariant reduces to Kitaev’s formula[97–102], which can be
intuitively understood by regarding X as i∂k for translationally
invariant systems[97]. In view of the NHSE that destroys this
intuition, it was a priori not obvious that the non-Hermitian
generalization given by Eq.(5) or Eq.(6) is meaningful. It
is even more worrisome to notice that, as a result of NHSE,
Qxs,ys′ can grow exponentially with y − x (This happens near
the critical point t1 ≈ 1.21 when other parameters take values
as in Fig.1), though it is canceled out by the exponential decay
of Qys′,xs in evaluating the trace in Eq.(5). Remarkably, these
seemingly dangerous features do not invalidate the topologi-
cal invariant, which is supported by our extensive numerical
calculations.
Specifically, when applied to the model in Eq.(1), Eq.(5)
accurately predicts the topological zero modes [Fig.1(e)].
Within numerical precision, it is found to be equal to Eq.(3),
justifying our using the same symbol W.
Notably, in sharp contrast to the Hermitian cases for which
the boundary condition is irrelevant, Eq.(5) correctly corre-
sponds to the topological edge modes only when |nR〉, |nL〉 are
obtained from open-boundary condition. If instead periodic-
boundary condition is taken, the resultant topological invari-
ant has no connection to topological edge modes. To empha-
size this unique non-Hermitian feature, the bulk winding num-
ber Eq.(5) is called an “open-bulk topological invariant”.
Duality.–Now we show that Eq.(5) being equal to Eq.(3) is
not accidental in this model. In fact, the open-bulk topological
invariant and non-Bloch topological invariant can be regarded
as dual formulations of the same quantity.
First, we observe that the real-space Q matrix has transla-
tional symmetry in the bulk, namely that when both x and y
are far from the two ends of the chain, Qxs,ys′ depends only on
the difference x− y but not on x, y separately, which allows us
to write Qxs,ys′ = Qss′(x − y). This intuitive translational sym-
metry has been confirmed numerically. From the Q(x) matrix
we can construct a generalized “Fourier transformation”:
Q˜(β) =
∑
x
Q(x)β−x. (7)
It will now be helpful to establish a relation between this
4
    



  
1.5 2 2.5
0
C
1
m
m-=1.58 m+=2.42
mc=2.09
FIG. 3. Open-bulk Chern number C for Eq.(13). Fixed parameters:
t = 1, γx = γy = 0.3, γz = 0. The size is Lx = Ly = 30 and the
truncation is lx = ly = 14. The jump of C occurs near the critical
value mc ≈ 2.09 found in previous numerical energy spectrums[20].
The blue area m ∈ [m−,m+] stands for the gapless phase of the Bloch
Hamiltonian H(kx, ky), which is not seen in the open-boundary spec-
trums.
Q˜(β) and the previous Q(β) appearing in Eq.(3), which is
constructed from the eigenstates of H(β). Indeed, we have
checked that the series Q˜(β) is convergent in a domain of the
complex β plane, and GBZ can be smoothly deformed to a
curve (denoted by “[GBZ]”)) in this domain. In fact, for most
values of model parameters, we have found that GBZ itself be-
longs to the convergence domain and can be taken as [GBZ].
Intuitively, we expect the following relation
Q(β)|β∈[GBZ] = Q˜(β)|β∈[GBZ], (8)
which has indeed been confirmed numerically. As such, we
can write Q(β)|β∈[GBZ] =
∑
x Q(x)β
−x. Inserting it into the non-
Bloch winding number Eq.(3), we find that
W = −
∑
x,y
∫
[GBZ]
dβ
4pii
Tr[σzQ(x)β
−xyQ(y)β−y−1]
=
1
2
∑
x
Tr[σzQ(x)xQ(−x)], (9)
where we have used
∫
[GBZ]
β−x−y−1dβ = 2piiδy,−x. Note that
xQ(−x) = [Q, X]y,y+x, which is independent of y deep in the
bulk. Therefore, we have
W = W′, (10)
which identifies the non-Bloch topological invariant [Eq.(3)]
and open-bulk topological invariant [Eq.(5)].
Open-bulk Chern number.–The construction of open-bulk
topological invariant is completely general. We now apply it
to two-dimensional non-Hermitian Chern bands. The open-
bulk Chern number (i.e., open-boundary bulk-band Chern
number) of a band α is proposed as
Cα =
2pii
L′xL
′
y
Tr′(Pα[[X, Pα], [Y, Pα]]), (11)
where Pα is the open-boundary band projection operator,
Pα =
∑
n∈α
|nR〉〈nL|, (12)
and other notations follow Eq.(5): The system size is Lx ×
Ly, and Tr
′ stands for the trace within the central region of
size L′x × L
′
y (L
′
i
= Li − 2li). More explicitly, it reads Cα =
2pii
L′xL
′
y
∑Lx−lx
x=lx+1
∑Ly−ly
y=ly+1
∑
s(P[[X, P], [Y, P]])xys,xys (s = ±1 is the
σz eigenvalue). Crucially, the eigenstates |nR〉, |nL〉’s in Pα
are calculated with open-boundary condition.
As an illustration, we calculate Eq.(11) for a simplest non-
Hermitian Chern model[17, 20], whose Bloch Hamiltonian is
H(kx, ky) = (sin kx + iγx)σx + (sin ky + iγy)σy
+[m − t(cos kx + cos ky) + iγz]σz. (13)
This model has a pseudo-Hermitian symmetry which enables
that most of eigenenergies are real[20]. Due to the NHSE,
the conventional bulk-boundary correspondence based on the
topology of H(kx, ky) breaks down. The open-bulk Chern
number of the lower band is shown in Fig.3, which correctly
produces the number of chiral edge modes found in previ-
ous numerical calculations[20], unambiguously establishing
the non-Bloch bulk-boundary correspondence.
Conclusions.–We have introduced non-Hermitian topolog-
ical invariants defined in real space, which provides a gen-
eral and efficient approach for understanding and computing
non-Hermitian topology and bulk-boundary correspondence.
These “open-bulk topological invariants” can be conveniently
evaluated with minimal input, and are generalizable to vari-
ous non-Hermitian systems. Conceptually, this formulation
is dual to the GBZ approach, which has the merit of being
free of finite-size errors. The present approach has, however,
the advantages of simplicity and convenience, and being ap-
plicable to disordered systems. As the two approaches have
complementary virtues, their duality offers a versatile toolbox
and deepened understanding for non-Hermitian topology.
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